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Spatiotemporal Evolution of
Temperature During Transient
Heating of Nanoparticle Arrays
Nanoparticles (NPs) are promising agents to absorb external energy and generate heat.
Clusters of NPs or NP array heating have found an essential role in several biomedical
applications, diagnostic techniques, and chemical catalysis. Various studies have shed
light on the heat transfer of nanostructures and greatly advanced our understanding of
NP array heating. However, there is a lack of analytical tools and dimensionless parame-
ters to describe the transient heating of NP arrays. Here we demonstrate a comprehen-
sive analysis of the transient NP array heating. Firstly, we develop a set of analytical
solutions for the NP array heating and provide a useful mathematical description of the
spatial-temporal evolution of temperature for 2D, 3D, and spherical NP array heating.
Based on this, we introduce the concept of thermal resolution that quantifies the relation-
ship between minimal heating time, NP array size, energy intensity, and target tempera-
ture. Lastly, we define a set of dimensionless parameters that characterize the transition
from confined heating to delocalized heating. This study advances the understanding of
nanomaterials heating and guides the rational design of innovative approaches for NP
array heating. [DOI: 10.1115/1.4053196]

Keywords: nanoparticle array heating, thermal resolution, heating overlap, confined
heating, delocalized heating

Introduction

Nanoparticles (NPs) have been applied as nanoscale heaters in
a variety of applications [1–4], including thermal therapy [5–8],
droplet heating [9], drug delivery [10–12], neuromodulation
[13,14], photoacoustic imaging [15,16], photothermal imaging
[17,18], and photothermal catalysis [19–21]. For these applica-
tions, precise control of both the magnitude and spatiotemporal
distribution of the temperature is often crucial [22,23]. As an
example, neuromodulation via the thermally sensitive ion channel
TRPV1 requires a threshold temperature to activate the channel
(40 �C–53 �C) [24–26], while overheating (>60 �C) can lead to
cellular damage [27]. Additionally, for molecular hyperthermia,
highly localized heating at the nanoscale is essential for targeted
protein inactivation [28–30]. Therefore, a comprehensive under-
standing of NP heating is particularly valuable when optimizing
the spatiotemporal evolution of the temperature profile for these
applications. While single NP heating has been extensively inves-
tigated and is well understood [30–35], NP cluster or NP array
heating is far from well understood due to the complexity of inter-
actions among NPs and the diversity of possible NP array
geometries.

Despite the inherent complexity of NP array heating, various
works have shed light on the phenomena. For example, numerical
and experimental investigations demonstrated that NP cluster
heating may lead to a significantly larger temperature rise as com-
pared to single NP heating, with the temperature rise for NP clus-
ters increasing with NP concentration [36–41]. Additionally,
efforts have been made to determine analytical solutions for NP
array heating. Keblinski et al. Derived a temperature function of
3D NP array heating under steady-state [42]. They demonstrated
that the array size and NP concentration determine the array tem-
perature rise, which could be orders of magnitude higher than that

of single NP heating due to heating overlap between NPs in the
array. Baffou et al. further derived temperature functions for 1D
and 2D NP array heating under steady-state and repeated femto-
second pulsed excitations [43,44]. Importantly, Baffou et al.
described sets of dimensionless parameters that characterize the
transition from confined heating to delocalized heating defined
based on the temperature functions [44]. Although these seminal
works have improved our understanding of NP array heating
under the steady-state, a detailed description of transient NP array
heating is lacking. Meanwhile, applications based on NP array
heating under single pulsed heating with duration ranging from
nanoseconds to minutes have been reported recently [24,29,45].
Consequently, an analysis of the spatiotemporal evolution of tem-
perature during transient array heating is urgently needed.

In this report, we systematically analyzed the transient heating
process for NP arrays. First, we derived a set of analytical temper-
ature functions that predict the temperature rise for three represen-
tatives NP assemblies (2D, 3D, and spherical NP arrays (Fig. 1)),
alleviating the need to run costly numerical simulations. Next, we
developed the concept of thermal resolution to quantify the mini-
mal size and heating time required for an NP array to reach a
specified target temperature rise at a given heating intensity, there-
fore providing guidelines on physical limitations for applications
based on NP array heating. Lastly, we defined a new set of

Fig. 1 Schematic illustrations of nanoparticle (NP) array.
Absorption of external energy excitation and conversion into
heat by NP arrays.
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dimensionless parameters based on the interparticle distance and
heating time to characterize the transition from confined heating
to delocalized heating. From analysis based on these dimension-
less parameters, we found that for spherical NP arrays, delocalized
heating first occurs along the spherical surface, and then further
delocalizes throughout the volume inside the sphere. This effect
may be particularly relevant when heating NP arrays on the sur-
face of a nanovesicle or living cell [10]. This work provides clear
analytical guidance for designing innovative approaches that uti-
lize NP heating under realistic physical constraints.

Methods

Temperature Function for Single Nanoparticle Heating. We
start by considering single NP heating. Many of the applications
of NP heating mentioned above are based on heating metallic NPs
in an aqueous solution. In these cases, NPs absorb external energy
excitations, such as laser irradiation [46], magnetic [47], or ultra-
sonic fields [48], and convert that energy into heat (Fig. 1) [1]. For
a single NP, this nanoscopic absorption-heating process can be
modeled by treating the NP as a spherical particle subject to volu-
metric heating and heat transfer into a surrounding homogeneous
aqueous medium using an application of Fourier’s law
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where T(r,t) is the temperature profile, r is the distance from NP
center and rNP is the radius of NP, t is time, qV is volumetric heat
source inside the NP, aNP and a, and kNP, and k are thermal diffu-
sivity and thermal conductivity for NP and water, respectively.
Although an analytical solution to Eq. (1) can be derived by Lap-
lace transform (Eq. (S2) available in the Supplemental Materials
on the ASME Digital Collection), known as Goldenberg’s analyti-
cal solution [31], the complexity of the expression makes it chal-
lenging to use in our analysis of NP array heating. Therefore, we
first simplify Eq. (1) by assuming a constant heat flux at the NP-
water interface
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Equation (2) can be solved by Laplace transform [42]
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Note that by assuming a constant heat flux at the NP–water
interface, we have neglected the heat capacity of the NP, thus

Eq. (3) only describes the temperature profile in the surrounding
water during single NP heating with applied power q (heating
power per NP, lW). Since the heat capacity of the NP is small rel-
ative to that of the surrounding water, this approximation should
only lead to a minor overestimation of the water temperature at
the start of heating [42], yet expression in Eq. (3) is much simpler
than Goldenberg’s analytical solution to Eq. (1). Therefore, we
will make use of Eq. (3) in our analysis of NP array heating.

Simulation for Nanoparticle Array Heating. The temperature
rise in the NP array (DTarray) is estimated by the superposition of
temperature rise of individual NP heating (DTsingle) [44]

DTarray r; tð Þ ¼
XN

i¼1

DTsingle;i jr � rij; tð Þ (4)

where N is the total number of NPs, ri is the location for ith NP,
and the DTsingle is determined by the Goldenberg’s analytical solu-
tion (Eq. (S2) available in the Supplemental Materials). Tempera-
ture profiles are calculated using MATLAB (2019b).

Results

Temperature Function for Nanoparticle Array Heating.
Most applications of NP heating are based on multi-NP heating or
NP cluster heating with thermal interactions among individual
NPs. The diverse set of cluster geometries that multi-NP systems
can assume makes it challenging to derive analytical descriptions
of multi-NP heating. To circumvent this issue, we narrowed our
scope to three representative NP cluster geometries (2D, 3D, and
spherical NP clusters). We modeled the multi-NP heating via NP
arrays with periodic lattices (Fig. 2, square and cubic lattice for
2D and 3D array, respectively, Fibonacci lattice for spherical
array [49]) and assumed uniform heating power throughout the
array.

For a circular shaped 2D NP array, the temperature rise at the
center of the array (DT2D) can be estimated by

DT2D tð Þ ¼
XN

i¼1

DTsingle;i ri; tð Þ (5)

where ri is the distance from the ith NP to the center of NP array.
Figure 3(a) shows that, when the interparticle distance, p, is small

Fig. 2 Schematic illustrations of representative NP array geo-
metries: 2D NP array with square lattice, 3D NP array with cubic
lattice, spherical NP array with Fibonacci lattice. For 2D and 3D
NP arrays, R represents the size of the NP array; for the spheri-
cal NP array, R represents the size of the sphere.
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relative to the size of the array, R, (i.e., R=p� 1), summation in
Eq. (5) can be estimated by an integration

DT2D R; tð Þ ¼
ðr¼R

r¼0

DTsingle r; tð Þ � 2prqNP � dr (6)

where R is the size of the NP array (Figs. 2 and 3(a)) and qNP is
the NP concentration (lm�2 for 2D and spherical NP array, lm�3

for 3D NP array). Substitute Eq. (3) into Eq. (6) gives
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Since the size of individual NP (rNP) is minimal compared with
that of the NP array (R� rNP), thus we ignored the second term
of the righthand side of Eq. (7), and it leads to Eq. (8) (Table 1).

Equation (8) describes temperature rise at the center point of a
2D NP array. We validated Eq. (8) by comparing it with simula-
tion results. Notably, NP array heating with a large interparticle
distance and a short heating time can result in a heterogeneous
temperature profile (Fig. S1 available in the Supplemental

Materials on the ASME Digital Collection), i.e., confined heating.
Therefore, we compared Eq. (8) to three representative DT values
computed from numerical simulation of superposition (Figs. 3(b)
and S1 available in the Supplemental Materials): DT1, DT2, and
DTaverage, which correspond to the temperature rise inside an NP
(at P1), the midpoint between NPs (at P2), and the average
throughout central lattice, respectively. Figure 4 shows that Eq.
(8) accurately describes the temperature rise especially for
DTaverage, even for small NP arrays (R=p ¼ 1). These results con-
firm the accuracy of Eq. (8).

Following a similar process, we derived temperature functions
for the 3D NP array and spherical NP array (Table 1, Eqs. (9) and
(10)). Figure S2 available in the Supplemental Materials shows
that results from Eqs. (9) and (10) are in good agreement with
simulation results, which confirms the accuracy. Considering the

Fig. 3 Schematic illustrations of theoretical model: (a) Temper-
ature function for 2D NP array is derived by transforming super-
position into integration. (b) Representative locations and tem-
peratures in the center lattice of the NP array. P1 is located in
NP and P2 is located at the midpoint between NPs.

Fig. 4 Validation of the temperature function for 2D NP array
heating: Comparing the function with solution of super-
position results. The results from superposition are calculated
based on Goldenberg’s analytical solution for single NP heating
(Eq. (S2) available in the Supplemental Materials), rNP 5 15 nm.
The size of the NP array (R) comparing with interparticle dis-
tance (p) is (a) R/p 5 1, (b) R/p 5 2, (c) R/p 5 10, and (d) R/p 5 50.

Table 1 Temperature functions for 2D, 3D, and spherical NP arrays

NP array geometry Location Temperature function

2D NP array Center point
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identical distance from NPs on the spherical surface to the center
point, the temperature rise at the center point of a spherical NP
array heating is obtained via multiplying Eq. (3) by the total num-
ber of NPs (N).

A close inspection shows that Eqs. (8)–(11) can be rewritten
into a similar mathematical form

DT ¼ 1

2k
� qqNP|ffl{zffl}

Energy intensity term

� f R; tð Þ|fflffl{zfflffl}
Spatiotemporal term

(12)

where qqNP serves as energy intensity term, and f R; tð Þ is the spa-
tiotemporal diffusion term. Equation (12) reveals the underlying
principle for transient NP array heating: temperature rise is the
product of the linear energy intensity term, which is determined
by heating power per NP and NP concentration, and a nonlinear
spatiotemporal term, which is dependent on the NP array geome-
try and heating time.

The simple analytical solutions (Eqs. (8)–(11)) provide a
method for further analysis on transient heating of NP arrays as
well as useful expressions to estimate the temperature rise of rep-
resentative NP array heating, alleviating the need to run heavy
numerical simulations. For example, Eq. (8) can be used to esti-
mate temperature rise for lithographically fabricated NP heating
with repeated 2D lattice [37]. Similarly, Eq. (9) is useful in esti-
mating temperature rise for photothermal therapy (PTT) or photo-
thermal catalysis where free suspension of NPs in an aqueous
solution can be treated as a 3D NP array [5,9,19].

Application of Nanoparticle Array Heating to Reach a
Specified Temperature Change. The spatiotemporal scale of the
NP array heating is often crucial for its applications. As an exam-
ple, for PTT or plasmonic photothermal therapy, precise control
of the heating range is necessary for effective tumor destruction
while avoiding healthy tissue damage [7,50]. On the other hand, a
specific temperature threshold is required to trigger a biological or
chemical response. With these considerations, we analyzed the
NP array heating from an alternative perspective: what are the
necessary conditions for a specific temperature rise? Therefore,
we analyzed the critical NP array size and critical heating time for
a specific temperature rise.

We started with defining the target temperature rise (DTtarget)
for a specific application, such as activating thermally sensitive
ion channels or triggering tumor cell necrosis [25,27]. To evaluate
the necessary conditions for DTtarget, we rewrite Eq. (12) into

f Rc; tcð Þ ¼ DTtarget �
2k

qqNP

(13)

where Rc and tc are critical NP array size and critical heating time,
respectively. For a specific DTtarget and energy intensity (qqNP),
Eq. (13) describes a combination of critical NP array size (Rc) and
heating time (tc) to reach the specified temperature increase. In
other words, for each heating time (tc), a critical NP array size
(Rc) can be determined (Fig. 5) and is the minimal NP array size
to reach DTtarget under the specific heating time (tc). Similarly, for
a given NP array size (Rc), tc represents the minimal heating time
to reach DTtarget. For example, Fig. 5 shows that at least a 2D NP
array with 1.3 lm in diameter is needed to reach 1 K temperature
rise under 1 ms heating (qNP¼ 100 lm�2, q¼ 10 nW/NP).

Furthermore, the NP array size (Rc) reaches an asymptotic
value when tc goes to infinity, i.e., under the steady-state (s.s.)
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Equation (14) and Fig. 6(a) show the smallest array size to
reach the required temperature change (DTtarget) under the steady-
state. Similarly, a larger-sized NP array (Rc) can lead to a shorter
heating time (tc). With an infinitely large array, a minimum heat-
ing time can be obtained to reach the specified temperature change
(DTtarget)
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Equation (15) and Fig. 6(b) show that minimal heating time
with an infinite sized NP array (tc,inf.) is determined by energy
intensity. For example, Fig. 6(b) shows that for 3D NP array heat-
ing with energy intensity at 1 pW/lm�3, the heating time should
be at least 1 s to reach a 1 K temperature rise.

Thermal Resolution. Our analysis of the critical NP array size
(Rc) can be applied to define a “thermal resolution.” An emerging
application involves activating neurons in the retina to restore
vision [24]. Dasha et al. showed that, when excited by near-
infrared radiation, the plasmonic gold nanorods attached to the
retina serve as nanoheaters, and can thermally activate the TRPV1
channel. The heating of nanorods inside the light spot can be mod-
eled as 2D NP array heating, where the size of the NP array (R) is

Fig. 5 Critical size of 2D and 3D NP arrays for specific temper-
ature rise: Critical NP array size Rc and in terms of heating time
tc for 2D and 3D NP arrays. NP concentration (qNP): 100 lm22 for
2D array and 1000 lm23 for 3D array; heating power (q): 10 nW/
NP.

Fig. 6 Critical size under steady-state (a) and critical heating
time with infinite NPs (b) for 2D and 3D NP arrays in terms of
energy intensity. Unit for energy intensity is lW/lm22 for 2D NP
arrays and lW/lm23 for 3D NP arrays.
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determined by the size of the light spot projected on the retina.
One of the key questions is the resolution for this application from
the heat transfer’s perspective. As such, we define a “thermal reso-
lution” based on the critical size of the NP array heating (Rc).
Here we assume Rc sized NP array heating is necessary to reach
the temperature threshold for TRPV1 activation. Figure 7 shows
the minimal distance (D¼ 2Rc) at which two Rc sized hot spots
can be distinguished from each other. When D< 2Rc, the merged
hot spots (Figs. 7(b) and 7(c)) will lead to an overlap of TRPV1
activation, ending up with a single “sensed” light spot. Conse-
quently, Rc serves as the thermal resolution.

As mentioned above, the critical NP array size under steady-
state (Rc,s.s.) shows an upper limit for thermal resolution. Equation
(14) and Fig. 6(a) show that the Rc,s.s. is determined by the energy
intensity (qqNP) with higher energy intensity resulting in greater
possible thermal resolution (smaller Rc,s.s.). There are several sig-
nificant implications of this result. Recently, various studies have
focused on applications with localized NP heating, from targeted
tumor thermal treatment [5] to neuron modulation [24], and
molecular hyperthermia [29]. Our analysis shows that the thermal
resolution gives a spatial limit when designing specific micro or
nanoheating patterns and that the energy intensity is the key for
greater thermal resolution. As an example, Fig. 6(a) shows that
energy intensity (qqNP) of 0.1 lW/lm�3 is necessary for selective
cellular heating (Rc� 1–10 lm) with 3D NP array.

Dimensionless Parameter Characterizing Confined Heating.
In the Thermal Resolution section, we discussed the degree of
thermal confinement in the perspective of necessary conditions for
an NP array to reach the DTtarget and developed the idea of thermal

resolution. In this section, we will focus on thermal confinement
inside the NP array, i.e., heating overlap among NPs in an NP
array. One of the basic ideas for characterizing the degree of con-
fined heating is to compare the thermal diffusion distance with the
interparticle distance. Kang et al. Developed a dimensionless
parameter based on comparing the thermal diffusion distance of
single NP heating with the interparticle distance [30], which quan-
tifies the heating overlap between two NPs. Despite this, parame-
ters that consider the ensemble effect among NPs in an NP array
would greatly advance our understanding of the heating modes.
Here we developed a set of dimensionless parameters to character-
ize the confined heating by quantifying the thermal diffusion dis-
tance in an NP array.

According to Eqs. (8)–(11), larger NP array size (R) gives
greater DT(R,t), and when R tends to infinity, a heating time-
dependent DTinf.(t) can be expressed as follows:

DTinf: ¼

qqNP

k
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8>>>><
>>>>:
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Figure 8(a) shows DT(R,t) in terms of R for a specific heating
time: Larger R results in greater DT(R,t), which asymptotically
reaches DTinf.(t) as R tends to infinity. Here a critical Rdiff.(t) is
defined as when DT(R,t) approximates DTinf.(t) (Fig. 8(a)). As
shown in Fig. 8(a), Rdiff.(t) divides the R into R-limiting zone
(R<Rdiff.(t)), where DT(R,t) increases significantly with R, and
the t-limiting zone (R � Rdiff.(t)), where DT(R,t) approximates
DTinf.(t) and no obvious increase for DT(R,t) is observed. The
sharp contrast between these two zones demonstrates that Rdiff.(t)
serves as the thermal diffusion distance in an NP array, where
only NPs within the distance of Rdiff.(t) impact the temperature
change at the center point. It should be noticed that Rdiff.(t) is
time-dependent, where an increasing t results in larger Rdiff.(t)
(Fig. 8(b)).

Given the above insight into the thermal diffusion in an NP
array, we can quantify the heating overlap and develop a

Fig. 7 Schematic illustration (a) of interarray distance (D), and
temperature profiles (b–e) for two 2D NP arrays with different D:
Rc 5 1.3 lm, tc 5 1 ms, rNP 5 15 nm, qNP 5 100 lm–2, q 5 10 nW/
NP, D 5 (b) 1.95 lm (c) 2.6 lm (d) 3.25 lm (e) 3.9 lm. Scalebar
represents 1 lm. When D > 2Rc, two distinguishable hot spots
corresponding to the NP arrays are observed, while D £ 2Rc,
the two hot spots merged and can no longer be distinguished
as individuals.

Fig. 8 Thermal diffusion distance in NP array (Rdiff.). (a) DT in
terms of R with a specific heating time (t 5 1 ls). When
DT�DTinf., a critical NP array size can be observed (Rdiff.).
When R < Rdiff., increasing R results in a significant increase of
DT, while for R > Rdiff., DT is approximately equal to DTinf. (B)
Thermal diffusion distance in NP array (Rdiff.) with different
heating time (t). (C) Heating overlap among NPs can be charac-
terized by comparing interparticle distance (p) with Rdiff.

Journal of Heat Transfer MARCH 2022, Vol. 144 / 031204-5



dimensionless parameter by comparing the Rdiff.(t) with interpar-
ticle distance (p) (Fig. 8(c)): if p/2�Rdiff.(t) (2 Rdiff./p	 1), the
heating overlap is minimal and confined heating is established;
whereas if p/2	Rdiff.(t) (2 Rdiff./p� 1), significant heating over-
lap leads to delocalized heating. However, there are two key prob-
lems for developing a dimensionless parameter based on this idea:

(1) The mathematical definition of Rdiff. is not clear. As men-
tioned above, Rdiff. is defined as when DT(R,t)�DTinf.(t),
yet the approximation is not a clear and a slight change of
the approximation (i.e., DT/DTinf.¼ 0.9 or DT/DTinf.¼ 0.99)
can result in significant difference in Rdiff. as well as in
p/2Rdiff. This makes it challenging to determine Rdiff.

mathematically.
(2) No explicit expression for Rdiff. Since Rdiff. is defined by

the behavior of DT(R,t), Rdiff. could only be expressed
implicitly by Eq. (13).

To overcome these limitations, we quantified the heating over-
lap from an alternative perspective: here we define a R’diff.¼ p/2,
and by substituting this R’diff. into Eq. (8) or (9), DT(R’diff.,t) (or
DT(p/2,t)) can be determined explicitly. And by comparing this
DT(R’diff.,t) with DTinf.(t), we can quantify the relation between
Rdiff. and p, i.e., characterizing the heating overlap. Based on this
idea, we defined a set of dimensionless parameters (f(p,t)) to char-
acterize the heating overlap among NPs in 2D and 3D NP arrays
(Table 2). Figure 9 shows that f nicely characterizes the degree of
heating overlap among NPs and captures the transition from con-
fined heating to delocalized heating: f ! 1 indicates minimal
heating overlap and f! 0 indicates heating overlap between NPs.

For the spherical NP array, the dimensionless parameter
(fSPH,s(p,t)) is defined to characterize the heating overlap along
the spherical surface by following a similar mathematical process
(Table 2, Eq. (19)). Another parameter (gSPH,c(R,t)) is defined to
characterize the heating overlap between the spherical surface and

center point by comparing the temperature rise on the spherical
surface with that at the center point (Table 2, Eq. (20)). A further
inspection shows that the heating time (t) corresponding to
fSPH,s¼ 0.5 is constantly shorter than that corresponding to
gSPH,c¼ 0.5 (Fig. 10(a)), indicating heating overlap first occurs
along the spherical surface, and then further delocalizes through-
out the volume inside the sphere (Fig. 10(b)), i.e., there is a win-
dow where heating is confined to the spherical surface with
minimal heating inside the sphere; this effect may be particularly
relevant when heating NPs arrayed across the surface of a nanove-
sicle or living cell.

The dimensionless parameters we have derived are a significant
step forward in differentiating confined heating from delocalized

Table 2 Dimensionless parameters characterizing the heating overlap

NP array
geometry Description Dimensionless parameter

2D NP array Heating
overlap

between NPs

f2D ¼
DT

p

2
; t

� �
DTinf: tð Þ ¼

p

2

� �
� erfc

p

4
ffiffiffiffi
at
p

� �
þ 2

ffiffiffiffi
at

p

r
1� exp

�p2

16at

� �� �

2

ffiffiffiffi
at

p

r (17)

3D NP array

f3D ¼
DT p

2
; t

� �
DTinf: tð Þ ¼

p

2

� �2

� erfc
p

4
ffiffiffiffi
at
p

� �
�

ffiffiffiffi
at

p

r
p � exp

�p2

16at

� �
þ 2at � erf

p

4
ffiffiffiffi
at
p

� �
2at

(18)

Spherical NP
array

Heating
overlap

between NPs
along

the spherical
surface

fSPH;s ¼

DT
p

2
; t

 !
DTinf: tð Þ ¼

1

2
p

ffiffiffiffi
p
at

s
� erfc

p

2
ffiffiffiffi
at
p

 !
þ 1� exp

�p2

4at

 !

qNP ¼
N

4pR2
; p ¼

ffiffiffiffiffiffiffiffi
1

qNP

vuut
(19)

Heating
overlap
between
spherical

surface and
center point

gSPH;c ¼ 1� DTSPH;c

DTSPH;s
¼ 1�

R � erfc
R� rNPffiffiffiffi

at
p

� �
� exp

R� rNP

rNP

þ at

rNP
2

� �
erfc

R� rNP

2
ffiffiffiffi
at
p þ

ffiffiffiffi
at
p

rNP

 !" #

R � erfc
Rffiffiffiffi
at
p
� �

þ
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at

p

r
1� exp

�R2

at

� �� 
 (20)

Fig. 9 Dimensionless parameter (f) characterizes the heating
overlap and the transition from confined heating to delocalized
heating in 2D and 3D NP array. When f�1, confined heating is
observed, whereas f�0 heating overlap leads to delocalized
heating. Scalebar represents 200 nm, rNP 5 15 nm.
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heating in the case of transient NP array heating, as they allow
quantifying the effect of thermal diffusion for a specific NP array.
Recently, great progress has been made in developing novel appli-
cations based on nanoscale localized NP heating, such as molecu-
lar hyperthermia and neuron modulation [24,29]. We anticipate
that our work here advances the fundamental understanding of NP
heating that underlies such applications, and provides a much-
needed description of NP array heating that can be used when
optimizing the spatiotemporal evolution of the temperature profile
in these applications.

Discussion

Physical Meaning of the Dimensionless Parameter (f). The
physical meaning of the f requires further discussion. Based solely
on the mathematical expressions, f represents the ratio of the tem-
perature rise of a finite sized NP array to the temperature rise of
an infinite sized NP array. However, neither of these descriptions
truly represents the array we are analyzing. If we consider how f
was derived, the physical meaning of f can be interpreted as a
transformed ratio between the interparticle distance (p) and the
thermal diffusion distance (Rdiff.). In other words, instead of
directly comparing the two distances (p and Rdiff.), we substituted
the distance into the spatiotemporal term (Eq. (12)) and compared
the results. In this case, the result from Eq. (12) should be consid-
ered as a transformed distance based on the spatiotemporal prop-
erty of the NP array rather than the temperature rise. This
interpretation is reasonable for f2D and f3D. However, considering
that the Rdiff. Represents the critical radius of the sphere for a
spherical NP array, instead of the thermal diffusion along the
spherical surface, we cannot apply this interpretation for fSPH,s

Relations Between Thermal Resolution (Rc) and Dimension-
less Parameter (f). Both thermal resolution Rc and dimensionless
parameter f focus on the spatiotemporal distribution of the tem-
perature profile. The thermal resolution is derived from an exter-
nally imposed target value of the temperature rise, which in turn
leads to corresponding limits on the spatial and temporal scale of
the NP array heating. In contrast, the dimensionless parameter
reflects the internal shape of the temperature profile within an NP
array, regardless of the magnitude of the temperature.

Conclusion

In this work, we aimed at a comprehensive analysis of the tran-
sient heating process for NP arrays by: (i) Deriving analytical
temperature functions to predict the temperature rise for 2D, 3D,

and spherical NP arrays, (ii) analyzing the conditions necessary to
yield a specific temperature rise and developing the corresponding
idea of thermal resolution, (iii) developing a set of dimensionless
parameters that characterize the transition from confined heating
(minimal heating overlap) to delocalized heating (significant heat-
ing overlap). In the case of the spherical NP array, our analysis
revealed a window where there is substantial heating along the
spherical surface but minimal heating inside the sphere, which is
particularly relevant when designing applications based on heating
NPs arrayed across the surface of nanovesicles or living cells. This
work provides an in-depth understanding of the spatiotemporal evo-
lution of temperature for NP array heating and provides guidance
for designing approaches based on this form of NP heating.
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Nomenclature

Roman Letters

D ¼ inter array distance, m
k ¼ thermal conductivity of water, W m�2 K�1

kNP ¼ thermal conductivity of nanoparticle, W m�2 K�1

N ¼ total number of nanoparticles in an array
p ¼ interparticle distance, m
q ¼ heating power per nanoparticle, W

qv ¼ volumetric heating source, W m-3

r ¼ distance from the center, m
r ¼ location vector
R ¼ radius of NP array, m

rNP ¼ radius of nanoparticle, m
Rc ¼ spatial thermal resolution, M

Rc,s.s ¼ spatial thermal resolution under steady-state, M
Rdiff. ¼ thermal diffusion distance, M

R’diff. ¼ substitute thermal diffusion distance, M
t ¼ time, s

T ¼ temperature, K
tc ¼ critical heating time, s

tc,inf. ¼ critical heating time with infinite sized nanoparticle
array heating, s

T1 ¼ room temperature, K
DT ¼ temperature rise, K

DTaverage ¼ average temperature throughout the center lattice in a
nanoparticle array, K

DTinf. ¼ temperature rise with an infinite sized nanoparticle
array heating K

DTsingle ¼ temperature rise of single nanoparticle heating, K
DTSPH ¼ temperature rise of spherical nanoparticle array

heating, K
DTtarget ¼ Specific temperature rise threshold for an application,

K

Fig. 10 Dimensionless parameters (f and g) characterize heat-
ing overlap and the transition from confined heating to delocal-
ized heating for spherical NP array: (a) critical line for
fSPH,s 5 0.5 and gSPH,c 5 0.5. The critical line for gSPH,c 5 0.5 is
constantly above the line for fSPH,s 5 0.5, indicating delocalized
heating first occurs along the spherical surface. (b) DT profile
for spherical arrays. fSPH,s and gSPH,c characterize the degree of
heating overlap alone the spherical surface and inside the
sphere. Scalebar represents 200 nm, rNP 5 15 nm.
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DT1 ¼ temperature rise in the nanoparticle of the center
lattice, K

DT2 ¼ temperature rise at the mid-point between
nanoparticles of the center lattice, K

DT2D ¼ temperature rise of 2D nanoparticle array heating, K
DT3D ¼ temperature rise of 3D nanoparticle array heating, K

Greek Symbols

a ¼ thermal diffusivity of water, m2 s�1

aNP ¼ thermal diffusivity of nanoparticle, m2 s�1

fSPH,s ¼ dimensionless parameter for spherical nanoparticle
array, on a spherical surface

f2D ¼ dimensionless parameter for 2D nanoparticle array
f3D ¼ dimensionless parameter for 3D nanoparticle array

gSPH,c ¼ dimensionless parameter for spherical nanoparticle
array, at the center of the sphere

qNP ¼ nanoparticle concentration, m�2 (for 2D and spherical
array), m�3 (for 3D array)

Abbreviations

diff. ¼ diffusion
inf. ¼ infinite
NP ¼ nanoparticle

PTT ¼ photothermal therapy
s.s. ¼ steady-state

SPH ¼ spherical
TRPV1 ¼ transient receptor potential cation channel, subfamily

V, member 1
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